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Zeve~ of  no Strain w;tMn a So'lld Eartl,. 131 

shaft turned by the handle indicates that it has turned 
through an angle proportional to 2"405, which is the first 
value of x which satisfies J0(x)=0.  

I t  is advisable to have a pointer and a scale to indicate 
exactly the displacement of the table, so gs to test the 
accuracy with which the cam performs its duties. Of course~ 
when the graduated-circle indicutlon is 2"405~ the displace- 
ment of the table is to be 2"405 J1(2"405) or --1"249 inches. 
The area recorded on the planinleter in square inches 
must now be multiplied by 2(2"405)~/a~[J~(2"405)] ~, and the 
answer is A I. 

To find A~: change the gearing so that when the whole 
roller-can e passes under the tracing-point of the planimeter, 
the graduated circle indicates 5"5201, and check the error of 
the cam by noting that the displacement indication ought 
now to be 5"5201 J1(5"5201) or 1"878 inches. The area 
recorded by the planimeter in square inches must now 
be multiplied by 2(5"5201)2/a~[Jl(5"5201)]% I f  variable 
frictional gearing is used, it is importarit that the roller 
should be placed on roller bearings of small resistance. 

To develop an arbitrary function in Bessels of any other 
order~ or in Fom'ier's Series, or in zonal ha~fmonics, or in 
series of functions of any other normal forms, we have only 
to replace the cam by one of another shape; so that this one 
simple machine is suited to quite general analytical use. 

XI .  On the Effect of Sphericity in Calculating the Position 
of a Level of no Strain within a Solid Earth, and on t/be 
Contraction Theory of Mountains. By  Roy. O. FlSaER~ 
M.A., F. G.S.* 

I HAVE been permitted to reply to Professor Blake's 
criticism upon my investigations concerning the relative 

Structure of the continental and suboceanic crust t ,  and I now 
hope to do the same to his objections to the calculation of 
the depth of the " level of no strain " ~--a  subject which he 
admits to be important. 

Mr. Blake says that he is surprised that the superficial 
position of the level of no strain at no more than ibur miles 
from the surface "should not be regarded as a reductlo ad 
absurdum that the method or premisses which lead to it must 
be wrong, both a priori, that any critical change in condition 

* Comm~micated by the .Author. 
f Phil. Mag. vol. xxxvii. ]~. 375, April 1894. 
:t ' Annals of British Geology,' 189'2, 1 ). iv, 
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132 Rev. O. Fisher on the Level of 

could be demonstrable at so insignificant a depth, and a poste- 
riori, considering the magnitude of the actually observed 
features of the earth's surface." 

As regards the a priori objection, that it is improbable that  
any critical change in condition shotfid be demonstrable at 
the small depth of from two to four miles, it may be replied 
that no claim is made that such a change in condition exists 
at that depth in the actual earth. But what has been demon- 
strated is, that, if the earth had cooled as a solid globe, a level 
of no strain would be found in that position. In  that case, 
however, the surface-features would not have resembled in 
size and arrangement those which we see. Consequently we 
do regard the improbability of a critical change at so small a 
depth to be a reduetio ad absurdum, and conclude that one 
of the premisses, viz. that of solidity, is wrong. The aposte- 
riori objection involves a petitio princiTii ; for it assumes tha~ 
the observed features are due to contraction through cooling, 
Which is the very question that is being brought to the 
proof. 

But it is in the method of investigation rather than in the 
premisses that Mr. Blake appears to think a mistake has been 
made; for he contends that the use of the "linear ''~* equa- 
tions for the conduction of heat in the calculation of the 
position of the level of no strain, as was done by Mr. Davison 
and Professor Darwin J', and also by m% is inconsistent with 
the introduction of the radius of the earth already assumed 
infinite. The objection is primd faeie plausible, and it had 
occurred to me ; but seeing that the changes of temperature 
involved occurred only near the surface, I did not think it 
necessary to take sphericity into account as regarded the 
temperature gradient ; and what follows will show that I was 
justified. Using for convenience of reference the same 
symbols as in my book $ :--- 

r ---- the radius Of the earth considered spherical, 20,902,404 
feet, 3958'78 miles i 

t ---- the time since the globe solidified ; 
V---- the temperature of solidification ; 
x --- the distance of a spherical shell from the sm'face ; 
z ---- distance of the same from the centre ; 
v-~ the temperature of that shell when sphericity is 

neglected--as was done in the work referred to ; 

lYIr. Blake thus refers to the equation fox" the conduction of heat in 
one dimension. 

t Phil. Trans. Roy. Soc. vol. clxxviii., 1887. 
:~ ~ Physics of the Earth's Crust~' chap. viii, "On the Cooling of a Solid 

:Earth," 2nd ed.~ 1889, p. 94. 
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no S t r a i n  w i th in  a Sol id  ~art]~. 133 

u = the like when sphericity is taken account of ; 
e -~ the coefficient of linear contraction of those portions of 

the globe which have sensibly cooled ; 
i¢ = the conductivity measured in terms of the capacity of 

rock for heat ; 
then the differential equation for the diffusion of heat in 
the sphere will be 

d(zu)  d~(zu) 

dt  = x  : ~  . 

Professor R. S. Woodward, U.S.A., gives the solution of 
this, which is suitable to the case of .a sphere initially at a 
uniform temperature throughout, and cooling into a medium 
such that its surface is maintained at a constant temper~Lure 
considered to be zero. The solution is * 

zu  = 2rV ~n= ® ( --  1)'+la-~(2~)~tsi n nTr z 
n----I n r 

This sohtion meets the objections raised by Professor Blake 
to Lord Kelvin's solution, in which the radius was assumed 
infinite. 

Prof. Woodward, with grea! ingenuity, transforms the above 
expression ih~o one or otheJ: of two rapidly converging series, 
in either of which he says the first term is sufficient in the 
case of the earth, if the time since the commencement of the 
cooling is less than 100,000,000,000 years. The second of 
these series (no. 20) writtgn in our symbols is 

X 2 r T . v  

The first term of this series being sufficient~ if we differen- 
tiate it with respect to t we get 

x2 
du  V ~" x -4~--~ 

dt  a/  Tr r - -  x t ~/ 4x t  

~ Annals of Mathematics,' vol. iii. June 1887. 
The convergency of this series is evidently due to the rapidity with 

integral /%-~*  d/~ approximates to the limiting value 
f a  

w h l e h  the definite 
, 2 0  

V~ as the upper limit increases. When that is no greater than 2"17, 
the first six places of decimals are the same as for the limit, and when 
it is 4 the first ten. 
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134 Rev, O. Fisher on tlte Level of. 

Thi~ differs from the expression for the corresponding time 
rate (dv/dt) in the case when sphericity is neglected by being 
multiplied by the factor ~,/(r--x). ]~ence the fall of tern- 
perature at a given depth goes on slightly more rapidly in 
the case of the sphere, as might be expected. 

Agai% differentiating with respect to x, we have 

du ~ V 2 1__ e-4~7 
dx--  ~--x ~/~r v" 4~t 

x 
x2 ) 

(r_x)=V 1 ~ r  o 

Putting x=O, we get for the temperature gradient at the 
surface 

3 = V (  2 1 
~/~r ~ /~t  ~)'  

2 1 
- 1_" 

V ~" 

whence 

When sphericity is neglected, or ~" infinit% we have 
'2 V 

~ / ~ =  ~/~_/~, - a of Lord Kelvin's problem of secular 

cooling, and as in m y  ~Physics &e.' Hence the time which 
elapses before a given surface-te~fiperature gradient is ac- 
quired is somewha~ shorter when sphericity is taken account 
of, as might also have been expected. 

Lord Kelvin assumed the high value of 7000 ° F. for V, 
the temperature of solidification, probably to allow for its 
possible increment ~ the lower shells owing to the pressure. 
With this value a=402~832 feet. But, when sphericity is 
taken account of, ~ / ~  becomes 396,073 feet, which makes 
it 1 mile and 1497 feet less. 

The equation which gives x, the depth of the level of no 
strain, is * - -  

3e (" % . ~ du du 

If  we substitute the value just found for du/dt, and take 
• ,/4Kt for the unit of length~ this may be reduced to the 

~ Physics, &c.,' p. 95. 
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no Strain within a 8olid Earth. 135 

following equation : - -  
P 2 ( r - -x ) (2(r - -x )x - -3)  +3e ~ ~ e -~ dx--O. 

I f  we make x zero, the first side of this becomes negative. 
I f  we give x such a value as will make the first term 

vanish, it becomes positive. This value is ~(r--  ¢'r~6--6), or 
to our present unit is 0"028. Hence the value of x which 
gives the level of no strain lies between 0 and 0"028, so that 
x ~ is small, and x 3 and higher powers may be neglected. 
We may therefore put 

~: e - ~ d x =  f~e-~dx--  
do 

2 

--x~ 

f e dx, 
3o 

The equation then becomes 

whenee~ neglecting x~/r ~, 

3 1 3~/~" 9 
x =  2 r 4r ~ ~ ~ "  

Or, restoring the unit v/4~t, 

This differs from the expression when sphericity is not 
considered, in the small terms. With the values 1/51 ° F.  per 
foot for the gradient at the surface, and 7000 ° F. for the 
temperature of solidification, the depth ~f the level of no 
strain was found to be 11,252 fee~ ~. B u t  the depth when 
sphericity is taken account of in the cooling will be 11,071 
feet ; so that the level of no strain is brought nearer to the 
surface by 181 feet by this consideration. The resulting 
difference, however, comes out so small as amply to justify 
sphericity being neglected~ as was done by Professor Darwin 
and myself. 

I t  is obvious that the corrugations formed by compression 

~ Physics &c.,' 2nd edit. I). 98. 
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136 Level of nv Strain wlth~n a Solid Earth. 

will consequently be slightly diminished instead of being 
increased by the more accurate hypothesis of sphericity. 

The present investigation is a sufficient reply to Professor 
Blake s objection that Enghsh writers have hitherto adop d 
Lord Kelvin's assumption that the earth may be re.garded as 
of infinite radius~ and have thus followed him in using linear 
equations for the conduction of heat. But when later writers 
go further, and at the same time introduce the radius of the 
earth, already assmned infinite, into the calculation, they are 
obviously inconsistent, and it may well be that the whole 
of the results are derived from this inconsistency itself.' 
Plausible as this criticism at first sight appears, I have now 
shown that it is altogether unimportant, seeing that the 
position of the level of no strain is not appreciably altered 
when the inconsistency complained of is avoided. At the 
same time, such alteration a s  its removal introduces tends 
in the opposite direction to that which Mr. BIake appears to 
expect, bringing, as it does, the tevel of no strain nearer to 
the surface, and therefore making the resulting elevatory 
corrugations smaller than before. ]t may be as well to 
remind the reader that the depth of the level of no strain 
in a solid gIobe does not follOv¢ the same law as the radial 
contraction. The former varies as the time, and therefore 
the rate at which it descends is constant. The latter varies 
as the square root of the time, so that the rate at which the 
surface sinks diminishes aS the time increases. 

Professor Blake concludes his critique with a formidable 
list of difficulties to be overcome ~before " we can really face 
the problem of a level of no strain." If  it is required to 
find what its situation would be with accuracy, even within a 
mile or so, no doubt we are not, and probably even our 
remote descendants will never be, in a position to do so. 
But this is obscuring the real issue. The reference tO "the  
positive teachings of geological facts " i s  beside the question, 
In this connexion these merely tell us that the superficial 
strata have again and again been ridged up by lateral pressure. 
But some minds will not rest satisfied with this "positive 
teaching" without seeking the cause of this phenomenon. 
That it is due to the contraction of the globe through cooling 
is an hypothesis seemingly simple and by prescriptive right 
orthodox, but not necessarily t rue;  while the arrangement 
of the axes of elevation in lines following undeviating direc- 
tions for immense distances, instead of forming a network of 
polygons, by no means favours it. But the discovery of a level 
of no strain affords perhaps the strongest argument against this 
theory: more especially if the earth is assumed to be solid, as 
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Improved Form of Littrow S2ectroscope. 137 

in the preceding calculations. And it does not seem probable 
that a better knowledge of the varying conductivity of rocks, 
or of their contractibility on cooling, would give such altered 
values to the constants of the problem as to bring up the 
Calculated amount of elevations so as to approach the actual. 
Dr. Murray estimates the mean elevation of the land of the 
globe at 1947 feet above the sea~ and the mean depth of the 
ocean at 12,456 feet*, whereas, according to my estimate, 
the mean height of the elevations which would be caused by 
the compression of a solid earth, initially supposed at 7000 ° F., 
would be only 6½ feet t. 

I f  we make the supposition that the crust rests on a liquid 
substratum, we shall still have a level of no strain $, and 
although the amount of the corrugations formed will in tMs 
case be somewhat greater, it will still fall far short of that 
~vhich the "positive teachings of geology" require us to 
account tbr. 

XII .  An Improved Form of Littrow ~eetroscope. 
B~] F. L. O. WADSWORT~ §. 

[Plate ¥I.] 

I T is rather remarkable that in the development of the 
prismatic spectroscope there have been no important 

modifications in the general design of the instrumentas first 
Used by :Newton, progress having been marked mainly in 
the mechanical improvements of the various parts. Various 
modifications have, it is true, been proposed from time to 
time, but none of them has stood the test of usage, except 
perhaps the form which was first proposed by Littrow in 
1862 [], and has since been modified and improved by Young 
and Lockyer¶~ Browning**, Grubbtt~ Braeket$$, and 
others. 

In this form, as is well known, the rays from the slit, after 
being rendered parallel by a collimating-lens, pass through 
the prism or train of prisms and fall normally upon a plane 

' Scottish Geographical Magazine,' June 1888, vol. iv. 
t ~ Physics, &c.,' 2nd ed. p. 103. 
$ ~Physics, &c.,' Appendix, chap. xxviii. 
§ Communicated by the Author. 
II American Journal of Science, 2nd ser[es~ vol. xxxv. 
¶ Schellen, Speetralanalyse, vol. i. p. 231. 
• ~ Ibid. p. 237. 
t t  Monthly Notices of the Royal Astronomical Society, vol. xxxi. p. 36. 
:~:~ American Journal of Science~ 3rd series, vol. xxiv. p. 60. 
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